We give conditions for different classes of planar graphs to be decomposable into paths of length 3.
Introduction
One can, with a quite simple argument, show that the edges of a cubic graph G can be decomposed into edge-disjoint paths of lengths 3 if and only if G has a perfect matching M . This result is pointed out by several authors and is at least 20 years old. The argument is that the matching corresponds to the middle edges of the paths and these edges can be extended to paths with 4 vertices, denoted by P 4 , by orienting the 2-factor F = G \ M cyclically and extending with out-going edges. It may be of some interest here that every cubic bridgeless graph has the property that G − x has a P 4 -decomposition (except for possibly one triangle) for every vertex x [6] . This follows from a nontrivial strengthening of Petersen's theorem from 1891 [9] that every bridgeless cubic graph has a 2-factor -the new result is that every cubic bridgeless graph has a spanning subgraph where one component is a theta graph where one of the two vertices of degree 3 is the given vertex x and the other components all are 2-regular. Returning to the basics, a well known argument shows that the obviously necessary condition that |E(G)| is even is also sufficient for a connected graph to have a decomposition into paths of length 2. This was pointed out by Kotzig in a classic paper from 1957 [7] . More generally one can ask when a graph can be decomposed into P 4 :s. It is likely that the general question is NP-complete, but this only makes the positive answers that exist more interesting. Thus for instance Heinrich, Liu and Yu [5] proved that all 4-regular graphs with 3k edges have a P 4 -decomposition by examining triangle-free Eulertours and also generalized the argument above to 2-edge-connected 3m-regular graphs, by utilizing a little known consequence of a theorem independently found by Belck and Gallai 1 that every 2-edge-connected 3m-regular (pseudo-, multi-) graph has an m-factor. The argument alluded to in the beginning of this article says that every 3-regular simple graph with a perfect matching has a P 4 -factor, the argument in [5] in contrast only works for (simple) 2-edge-connected graphs.
Oksimets [8] has proved that every Eulerian graph with minimum degree at least 6 has a triangle-free Eulertour. In [10] it is conjectured that every 2-edge connected planar graph on 3k edges has a decomposition into P 4 :s and triangles. We will call this a {P 4 , C 3 }-decomposition and prove that this conjecture is true for a class of outer planar graphs satisfying a weak condition (a outer planar graph is a planar graph with a face containing all vertices). We also prove that every maximal planar graph with at least 4 vertices has a P 4 -decomposition.
Outerplanar graphs
We will use a labeling technique for describing how to pick the paths and triangles to obtain a decomposition. First a few definitions. A path P will sometimes be referred to by listing is vertices starting in one leaf v 1 and ending in the other leaf v n . If the path has an orientation then a vertex v = v n has a successor v + .
Theorem 2.1. Let G be an outerplanar graph with a face the boundary of which contains a Hamilton path. If the number of edges in G is m = 3k, then G has a {P 4 , C 3 }-decomposition.
Proof. Choose an embedding of G such that the unbounded face F has a boundary containing a Hamilton path Q. We will in fact prove something slightly stronger than the statement claimed in the theorem, to do so we drop the condition that m = 3k, and prove the following:
(A) E(G) can be partitioned as in the theorem but with two of the paths of lengths adding to r with r ≡ m (mod 3).
A rooted pair u, v ∈ V (G) consists of two vertices u and v labeled with a and b respectively such that a, b ∈ Z 3 and: i) At least one label is not 2.
ii) The sum of the labels a + b = r. iii) There is a Hamilton path Q ⊆ F from v to u.
The root (u, v) with labels (a, b) indicates that we should extend paths of lengths a and b at the vertices u and v.
We prove the following by induction on the integer m: The rooted graph G can be decomposed into P 4 :s, triangles and two disjoint paths, Q a of length a and Q b of length b beginning in u and v respectively. By choosing a = b = 0 in the case m = 3k we get our theorem. Note that if the rooted graph G is a cycle or a path then the statement (A) holds by i), ii) and iii).
We can assume that the label a = 2. Suppose first that uv is an edge. If a = 1 then take Q a as the path uv and relabel u by 0. Then we have, by induction, that the graph obtained by deleting the edge uv contains a {P 4 , C 3 }-decomposition as claimed. If a = 0 and b = 1 then we take Q
(1)
Now, take an orientation of Q such that v Label v 2 by (p − b)(mod 3). Note that by (1) we get v 2 = u, hence if one of the labels of v 1 and v 2 are not 2 then, by induction, we can decompose the rooted graph H 1 . Let G 0 be the graph obtained by deleting the edges of H 1 (and all isolated vertices which may have been created). Then we get a complete decomposition of G 0 by labeling v 2 by b − p and applying the induction argument (note that the other label a = 2). Now, we get a {P 4 , C 3 }-decomposition of G by pasting the paths of H 1 and G 0 beginning in v 2 . Therefore we can assume that both labels of H 1 are 2. Note that in this case b = 2 and p − b ≡ 2(mod 3), implying that p ≡ 1(mod 3). Note that a 2-connected outerplanar graph with m = 3k edges satisfies the conditions of theorem 2.1. The condition that Q is a Hamilton path can be relaxed to Q being a spanning trail by observing that if x is a repeated vertex on Q and H is a graph induced by a segment of F between two occurrences of x then we label x in H by a = |H| (reduced modulo 3) and a neighbour of x on the outer face of H by 0. Now, if we label x by −a in G \ E(H), then, by induction, we get a decomposition of the rooted graph G.
However this would in some sense be best possible as shown by the outerplanar graph in figure 2.
Maximal planar graphs
A maximal planar graph G on n vertices is a simple graph to which no edge can be added without making it non-planar. In that case every face is a triangle and the number of edges is 3n − 6. In the following theorem we will choose orientations relative to a fix orientation of the plane in which the graphs are embedded.
Theorem 3.1. Let G be a maximal planar graph with at least 4 vertices, then G has a P 4 -decomposition. Proof. If G has at least 4 vertices then the dual H of G is a simple cubic 2-connected graph. Therefore H has a perfect matching M H , deleting the edges in M H we obtain a 2-factor in H. Orient each cycle having border to the infinite component in this 2-factor by the orientation given by the plane and continue inside these cycles by reversing the orientation each time a borderline is crossed (see figure 3) . Note that the four edges of the dual that traverse the faces incident to an edge e in G are directed opposite to each other according to which side of e H they are, one from left to right and the the other from right to left (see figure 4 ).
Let L be the edges in G corresponding to the edges in M H . Extend each edge e H ∈ M H to a P 4 by adding the edges going out from e on the 2-factor. These paths form a P 4 -decomposition of the dual. By taking corresponding edges to extend the edges e G ∈ L we obtain a P 4 -decomposition of G (see figure 4) . The reason for this is that the only way to get a star or a triangle would be to pick an in-going edge to extend e H .
The decompositions constructed in theorem 3.1 are of a special kind in the sense that every path in it is a Z-shape spanning two neighbouring faces (see figure 4) . By examining the proof of theorem 3.1 we note that the number of such Z-decompositions is exactly twice the number of perfect matchings of the dual graph H. Hence, since the number of perfect matchings in a cubic planar graph can be computed in polynomial time we can count the number of Z-decompositions in polynomial time. 
